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Abstract—Control  of  permanent  magnet  direct  current
(PMDC) motors is a major problem in automation, robotics, and
mechatronic systems. Traditional proportional-integral-derivative
(PID)  controllers  are  widely  used  due  to  their  simplicity  and
reliability;  however,  their  effectiveness  decreases  with  system
nonlinearities,  parametric  variations,  and  disturbances.  This
article presents the theoretical derivation, design and simulation
of fuzzy PID regulator for controlling the speed of a DC motor. A
complete mathematical model of the engine has been developed -
electrical,  mechanical,  Laplace  and  state-space  representation.
The  fuzzy  PID  controller  uses  fuzzy  logic  reasoning  to
dynamically adapt the PID coefficients to the instantaneous error
and its rate of change. The system is implemented and simulated
in Python using the libraries “control” and “scikit-fuzzy”. The
results  show  that  Fuzzy  PID  provides  faster  rise,  smaller
overshooting,  and higher robustness  compared to conventional
PID, which highlights the benefits of integrating fuzzy logic with
classical  PID  control  for  intelligent  adaptive  motion  control
systems.

Keywords—PMDC motor, Fuzzy logic, PID control, Adaptive
control, Simulation in Python, State space modeling.

I. INTRODUCTION 
Permanent  magnet  direct  current  (DC)  motors  are

fundamental actuators in automation and robotics due to their
linear  torque-current  relationship,  high  controllability,  and
wide  operating  range.  Applications  include  robotic
manipulators,  electric  vehicles,  conveyor  systems  and
unmanned  aerial  vehicles.  In  highly  dynamic  industrial
systems, the requirements for transient processes (rise time,
overshoot,  settling time) are strict, and external disturbances
and parametric  variations  are  inevitable.  This  requires  the
application  of  regulators  with  good  robustness  and
adaptability, which guarantee accuracy and repeatability.

A short  explanation of Ziegler-Nichols  tuning methods
are  given in  [1].  The original  article  is  from [2].  A more
recent survey that covers the Ziegler-Nichols and Kappa-Tau
tuning rules is in [2].

Some additional explanations how to optimize the tuning
parameters  of  PID controller  in  order  to  decrease  system
overshoot or to decrease dead time can be found in [4].

Fuzzy logic [5] offers rule-based reasoning with linguistic
variables  without  requiring  an  exact  model.  Combining
FLC+PID leads  to  a  Fuzzy  PID  controller  with  online
adjustment of the coefficients according to the dynamics of
the error. This allows a natural balance between fast response
and reconfiguration in different regimes. Numerous studies

[6],  [7]  show better  transient  performance  and  robustness
compared to classical PIDs. In this paper, the focus is on a
reproducible implementation in open source Python.

Simulation model of a PMDC model and its behavior is
widely explained in [8], [9], and in an authors' article [10].

II. MATHEMATICAL MODELING OF THE PMDC MOTOR

The equivalent  electrical  and  mechanical  scheme for  a
PMDC motor is given in Fig. 1.

A. Electrical subsystem
The electrical circuit of the armature is described by:

V a ( t )=La⋅
d ia (t )

dt
+Ra .ia ( t )+eb ( t ) (1)

where V a is the applied voltage, ia - the current, La - the
inductance, Ra - the resistance. Back-EMF:

eb (t )=Ke .ω (t ) (2)

Physically,  K e is the proportionality between speed and
induced  voltage,  and  its  value  reflects  the  construction
parameters of the motor.

B. Mechanical subsystem
The electromagnetic torque is:

T m (t )=K t .ia (t ) (3)

Fig. 1. Equivalent electrical and mechanical scheme for a PMDC motor.
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where  K t is  the  torque  constant  (usually  numerically
close to K e in SI). Mechanical dynamics:

J ⋅ d ω (t )
d t

+B .ω ( t )=T m ( t ) (4)

where  J  is  the  moment  of  inertia,  B is  the  viscous
friction.  Often  an  unspecified  load  moment  disturbance
T L ( t ) is added to the model, but here we consider a nominal
case T L=0.

C. Mathematical derivation in Laplace space
With zero initial conditions:

V a (s )=La . s . I a (s )+Ra . I a (s )+K e . Ω (s ) (5)

( J . s+B ) .Ω (s )=K t . I a (s ) (6)

We express the current:

I a ( s )=
V a ( s )− K e . Ω ( s )

La . s+Ra
(7)

substituted into the second equation leads to the transfer
function:

Ω (s )
V a (s )

=
K t

( La . s+Ra ) . (J . s+B )+K e . K t
(8)

This form shows that the system is of second order with
an additional  cross term  K e .K t  which introduces electro-
mechanical coupling.

D. State space representation

We define x1=ω ( t ) , x2=ia ( t ) . Then:

J ⋅ ẋ1=K t ⋅ x2− B ⋅ x1 (9)

La ⋅ ẋ2=V a− Ra ⋅ x2− K e ⋅ x1 (10)

or in matrix form:

ẋ=[ − B
J

K t

J
− K e

La

− Ra

La
]⋅ x+[ 0

1
La

]⋅V a

(11)

y= [1 0 ] ⋅ x (12)

The  state  representation  supports  robustness  analysis,
observability, and synthesis of digital controllers.

TABLE I. PMDC MOTOR PARAMETERS USED IN THE SIMULATIONS

Parameter Symbol Value Unit

Armature resistance Ra 1.0 Ω
Armature inductance La 0.5 H
2nd Moment of inertia J 0.01 kg ⋅m2

Viscous friction coefficient B 0.1 N ⋅m⋅ s
Torque constant K t 0.01 N ⋅m / A
Back-EMF constant K e 0.01 V ⋅s /rad

E. System parameters
The parameters of the controlled 'plant', as combination

of electrical and mechanical subsystems (i.e. PMDC motor
and its mechanical load), are given in Table I.

III. CONTROLLERS DESIGNING

A. Conventional PID controller
The law of control is:

u ( t )=K p . e ( t )+K i .∫
0

t

e ( τ ) . d τ+K d . d e (t )
d t (13)

e ( t )=ωref −ω ( t ) (14)

Into s-region:

C ( s)=K p+
K i

s
+K d . s (15)

T ( s )= C ( s) .G ( s)
1+C (s ) . G (s )

(16)

B. Ziegler-Nichols tuning methods
The PID controller is the most commonly used feedback

algorithm. It consists of three components: proportional (fast
response),  integral  (zero  error  detected),  and  derivative
(phase advance and damping). Despite its good behavior in
linear systems, its fixed coefficients  K p , K iand Kdlimit its
adaptability to parametric changes, external disturbances and
nonlinearities (saturation, dead zone, friction). Problems such
as  integral wind-up and noise in the measurements further
degrade the quality of regulation.

There  exists  two techniques for  setting of  proportional
gain, integral and differential time constants P ,T Iand  T Dto
achieve  a  fast,  though not  excessively  oscillatory,  closed-
loop step response.

First technique uses ‘open loop’ (i.e., without feedback)
response after a unit step has been applied. The process time
constant T  is the inverse of the line slope, when the tangent
is  drawn  to  the  reaction  curve  at  its  steepest  point.  The
deadtime d  is taken from reaction curve and shows how long
is waited before reacting to the step and the process gain K
shows how much the process variable increased relative to
the size of the step. In [3] is determined that the best settings
for the tuning parameters could be computed from T ,dand
K  as follows:



P=
(1.2 ) ⋅T

K ⋅d T i=( 0.2 )⋅d T d=( 0.5 )⋅ d (17)

Once the controller is returned to automatic mode,  than
small  changes  in  the setpoint  produce  ‘not-too-oscillatory’
closed-loop  response  and  system  is  able  to  reject  load
disturbances  quickly  with  only  a  few  oscillations  in  the
process variable.

Second technique uses ‘closed loop’ (i.e., with feedback),
but  the  integral  and  derivative  actions  are  shut  off.  The
controller  gain is  increased  until  any disturbance  causes  a
sustained  oscillation  in  the  process  variable.  The  smallest
controller gain that cause oscillation gives the ultimate gain
Puparameter. The period of those oscillations is the ultimate
periodT u. Then tuning parameters can be computed from the
values ofPuandT u:

P= (0.6 ) ⋅PuT i=(0.5 ) ⋅T uT d=(0.125 ) ⋅Tu (18)

In this article the initial selection settings are calculated
using  Ziegler-Nichols  'open  loop'  response  method:
K p=100 ,K i=200 , K d=10.

In practice, anti-saturation (anti-windup), filtering of the
differential  component,  and limiting of  the control  voltage
are applied.

C. Fuzzy PID controller

Fuzzy  PID  adaptsK p , K iandK d according  toe ( t )and
Δ e ( t ).  Inputs:  e , Δe .  Outputs:  Δ K p, Δ K i , Δ Kd  .
Language  terms:  NB,  NM,  Z,  PM,  PB  (triangular
membership functions). Rules base (representative) is given
in Table II.

Defuzzification (centroid) gives:

K p
' =K p+ Δ K p (19)

K i
'=K i+ Δ K i (20)

K d
' =Kd+ Δ K d (21)

Thus,  the  regulator  dynamically  changes  its
characteristics:  for  large  errors  increasesK p (acceleration),
limitsK i(against  wind-up);  for  small  errors,  it  restores  the
integral  component  for  accuracy,  whileKdis  adjusted  for
damping.

IV. SIMULATION IN PYTHON

The  simulations  are  implemented  with  open-code
libraries:

 control - modeling of transfer functions, closed loops
and responses;

 scikit-fuzzy - construction of the fuzzy system (fuzzy
inference).

A. Implementation notes
The transfer function (8) is programmed as:

TABLE II. REPRESENTATIVE RULES BASE FOR FUZZY PID

Error Δ Error Δ K p Δ K i Δ K d

NB NB PB NB NB

NM NM PM NM Z

Z Z Z Z Z

PM PM NM PM PM

PB PB NB PB PB

[language=Python]

num = [Kt]

den = [La*J, La*B + Ra*J, Ra*B + Kt*Ke]

G = ctrl.TransferFunction(num, den)

The  PID  controller  and  closed-loop  system  are
programmed as:

[language=Python]

C_pid = ctrl.TransferFunction([Kd, Kp, Ki], [1, 0])

sys_pid = ctrl.feedback(C_pid*G, 1)

For the Fuzzy part it was used  skfuzzy.control with two
antecedents  (errorandΔ error)  and  three  consequents  (
Δ K p , Δ K iandΔ K d).  Calculations  are  being  performed
online and lead to adaptation of the PID coefficients.

B. Metrics and estimates
Standard  estimates  were  used:  rise  time,  maximum

overshoot, settling time (2%), as well as integral criteria ISE
and ITAE:

ISE=∫
0

T

e2 ( t ) .dt , ITAE=∫
0

T

t .|e (t )|. dt (22)

C. Simulation results
The  single-step  responses  are  shown  in  Fig.  2.  The

quantitative comparison is in Table III.

Fig. 2. Comparison  of  step  response  of  a  PMDC motor  with  PID and
Fuzzy PID.



TABLE III. PERFORMANCE COMPARISON: PID VS. FUZZY PID

Estimate PID Fuzzy PID Improvement

Rise time (s) 0.18 0.12 +33%

Over-shoot (%) 12.4 3.8 -69%

Settling time (s) 0.42 0.26 +38%

Settling error 0 0 –

An enlarged transient window (Fig. 3) can also be used to
illustrate the overshoot.

V. DISCUSSION

The results show that Fuzzy PID provides faster rise and
settlement, as well as less overshoot, compared to classical
PID. The reason is the adaptive correction of the coefficients:
for  large  errors,  the rules  increaseΔ K pand decreaseΔ K i,
preventing  integral  saturation;  when  approaching  a  steady
state  -  reduceΔ K p,  amplifyΔ K i and  set  upΔ K dfor
damping. The sensitivity to  ±20% change ofJandBshows
stability and small variations in the overshoot for the Fuzzy
PID,  while  the  classical  PID  exhibits  more  pronounced
fluctuations.  The  calculated  integral  criteria  confirm  the
advantage of fuzzy adaptation:

ISEPID=0.0042 , ISEFuzzyPID=0.0016 (23)

ITAEPID=0.062 , ITAEFuzzyPID=0.027 (24)

A. Practical aspects
The  actual  implementation  requires:  (i)  anti-wind-up

mechanisms; (ii) differential  channel filtering; (iii) limiting
the control signal according to the power supply; (iv) scaling
and normalization of inputs to the fuzzy system; (v) choice of
membership  functions  (triangular/Gaussian)  and  setting  up
the  rule  base;  (vi)  noise  immunity  (resistive/optical
encoders).

B. Model limitations
The model does not account for nonlinearities such as dry

friction, saturation in the magnetic circuit, and dead zone in
the  drive.  In  the  presence  of  significant  nonlinearities,
identification  by  data  and  advanced  regulators  (e.g.  gain-
scheduling) can complement the approach.

VI. CONCLUSION

A  complete  derivation,  design,  and  Python
implementation of a Fuzzy PID controller for PMDC motor
speed  control  was  presented.  Simulations  show  better
transient performance and robustness compared to classical
PIDs.  Future  work  includes  real-time  implementation
(Raspberry  Pi,  Arduino),  optimization  of  rules  base  and
applications to multi-engine/formations systems.

Fig. 3. Comparison  of  step  response  of  a  PMDC motor  with  PID and
Fuzzy PID.
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